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GENERATORS AND RELATIONS
OF DIRECT PRODUCTS OF SEMIGROUPS

E. F. ROBERTSON, N. RUSKUC, AND J. WIEGOLD

ABSTRACT. The purpose of this paper is to give necessary and sufficient con-
ditions for the direct product of two semigroups to be finitely generated, and
also for the direct product to be finitely presented. As a consequence we con-
struct a semigroup S of order 11 such that S x T is finitely generated but not
finitely presented for every finitely generated infinite semigroup 7. By way of
contrast we show that, if S and T belong to a wide class of semigroups, then
S x T is finitely presented if and only if both S and T are finitely presented,
exactly as in the case of groups and monoids.

1. INTRODUCTION

Given two groups (or, more generally, monoids) G = (A| R) and H = (B|Q), it
is well known that their direct product G x H has a presentation

(A,B|R,Q,ab="ba (a € A,b € B)).

An immediate consequence of this is that G x H is finitely generated if and only if
both G and H are finitely generated, and is finitely presented if and only if both
G and H are finitely presented. By way of contrast, it is also well known that
if N = {1,2,3,...} is the additive semigroup of natural numbers, then although
N is generated by a single element, N x N is not finitely generated. Indeed, any
generating set for N x N must contain the set {(1,n) : n € N}.

These observations naturally lead one to ask when, given two semigroups S
and T, the direct product S x T is finitely generated, and also when it is finitely
presented. We solve both these problems in this paper.

In this context the case where both direct factors are finite is of no interest:
the direct product is then finite and hence both finitely generated and finitely
presented. In its main part the paper is concerned with direct products of two
infinite semigroups. In Section 2 we give a necessary and sufficient condition for
such a direct product to be finitely generated. In Section 3 we introduce some
technical concepts related to semigroup presentations and state the main result of
the paper, giving a necessary and sufficient condition for a direct product of two
infinite semigroups to be finitely presented. Sections 4 and 5 contain the proof
of this main theorem. In Section 6 we construct a semigroup S which has the
property that, for any finitely generated infinite semigroup T satisfying T2 = T,
the direct product S x T is finitely generated but not finitely presented. Even more
surprisingly, in Section 8 we construct a semigroup S with eleven elements such
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that S x T is finitely generated but not finitely presented for all finitely generated
infinite semigroups 7. By way of contrast, in Section 7 we prove that if S and 7" are
finitely presented infinite semigroups belonging to a wide class of semigroups (which
contains some well known subclasses, such as monoids and regular semigroups),
then S x T is finitely presented. We conclude the paper by considering direct
products S x T where S is finite and T is infinite.

We mention that finite presentability of some other semigroup constructions
(such as wreath products and Rees matrix semigroups) was investigated in [10].

2. GENERATORS

Let S be a semigroup. An element s € S is said to be decomposable if there exist
elements s1, s € S such that s = s;s5. Thus the set of all decomposable elements
of S is

52 =55 = {8182 © 81,82 € S}

An element is indecomposable if it is not decomposable. The set of all indecompos-
able elements is S\S2. It is clear that this set is contained in every generating set
for S.

The main result of this section is the following necessary and sufficient condition
for a direct product to be finitely generated.

Theorem 2.1. Let S and T be two infinite semigroups. Then S x T is finitely
generated if and only if both S and T are finitely generated and S* = S and T? = T.

Proof. The theorem is an immediate consequence of Lemmas 2.2, 2.3 and Proposi-
tion 2.5 below. O

Lemma 2.2. Let S and T be two semigroups. Denote by mg : S x T — S the
natural projection. If A is a generating set for S x T, then ws(A) is a generating
set for S. In particular, if S x T is finitely generated then so is S.

Proof. The lemma follows from the fact that g is an epimorphism. O

Lemma 2.3. Let S and T be two semigroups. If T is infinite and S x T is finitely
generated, then S? = S.

Proof. Assume that S? # 9, so that S has an indecomposable element s. But then
each of the infinitely many elements (s,t) (t € T) is indecomposable in S x T, and
hence it belongs to every generating set for S x T, contradicting the assumption
that S x T is finitely generated. O

Lemma 2.4. Let S be a semigroup such that S?> = S, and let A = {a; : i € I}
be a generating set for S. Then there exist elements s; € S (i € 1) and a mapping
¢ : I — I such that

Qi = A¢(4) Si
foralliel.

Proof. From S? = S it follows that S has no indecomposable elements. Thus each
a; can be written as a product a;, ai, ...a;, of generators with k > 2. Now define
C(Z):Zl and Si = Qg+« - Qg - O
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Proposition 2.5. Let S and T be two semigroups satisfying S*> = S and T? =T.
Let A ={a; : i € I} and B = {b; : j € J} be generating sets for S and T
respectively. Choose elements s; € S and t; € S (i € I, j € J) and functions
¢:I—1Tand0 :J—J sothat a; = acysi for alli € I and by = by(jt; for
all j € J. Then the set

(AU{SZ' : iEI})X(BU{tj : ]EJ})
generates S X T.

Proof. Let s € S be arbitrary, and assume that s can be decomposed into a product
of m generators from A. By successively replacing an arbitrary generator a; by the
product ac(;ys;, we see that for every n > m the element s can be expressed as a
product of n elements from AU {s; : ¢ € I'}. Similarly, if an element ¢t € T can
be expressed as a product of m generators from B, then for every n > m it can be
expressed as a product of n elements from BU{t; : j € J}.

Now let s € S and t € T be arbitrary. Assume that s can be written as a product
of m generators from A, and that ¢ can be written as a product of n generators
from B. Let p = max(m,n), and write s and ¢ as products

s=a10g...qp,
t=p1P2... ﬁp
of p elements from AU {s; : i € I} and BU{t; : j € J} respectively. Now we can
write (s,t) as a product of elements from
(AU{s; ciel})x (BU{t; : je J})
as follows:

(S7t) = (ala 51)(042, 52) e (apa ﬁp)u
and this completes the proof of the proposition. O

Remark 2.6. If S and T have the property that S2 = S and 7% = T, then we
also have (S x T)? = S x T. The converse is also true: if (S x T)? = S x T
then S? = S and T? = T, since S and T are homomorphic images of S x T. This
observation enables one to generalise Theorem 2.1 to arbitrary finite direct products
S1 X Sg X ... x Sk of infinite semigroups. This direct product is finitely generated
if and only if each S; (1 <i < k) is finitely generated and satisfies S? = S;.

The rank of a semigroup S, denoted by rank(S), is defined to be the minimal
number of elements of a generating set of S. The standard generating set for the
direct product G x H of two groups yields the following upper bound on the rank
of G x H:

rank(G x H) < rank(G) + rank(H).

(Actually, rank(G x H) is often significantly smaller than rank(G) + rank(H); see
for example [7] and [26].) In the same way Proposition 2.5 yields an upper bound
on the rank of the direct product of two infinite semigroups.

Corollary 2.7. Let S and T be two infinite semigroups such that S*> = S and
T? =T. Then

rank(S x T') < 4 rank(S) rank(7T)).
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Proof. If the generating sets A and B for S and T are chosen to have cardinalities
rank(.S) and rank(T") respectively, then the generating set for S x T established in
Proposition 2.5 has the cardinality at most 4 rank(S) rank(7T). O

We do not know whether this upper bound can be attained. The following
example, however, shows that the rank of the direct product can be significantly
larger than the ranks of factors.

Example 2.8. Let S be the semigroup free product of m cyclic groups {a;) (1 <
i < m) of order 2, and let T' be the semigroup free product of n cyclic groups (b;)
(1 < j <n) of order 2. (For the definition of semigroup free products see [9], and
for some combinatorial properties of this construction see [3] and [4].) Then clearly
we have 52 =9, T2 =T, and

rank(S) = m, rank(7T") = n.

Consider the direct product S x T. Let i and j (1 < i <m, 1 < j <n) be
arbitrary. The subsemigroup P;; = (a;) x (b;) of S x T is a group isomorphic to
the Klein four group. In particular

rank(P;;) = 2.

On the other hand the set (S x T)\P;; is an ideal of S x T'. Thus any generating
set of S x T" must contain a generating set for P;;, and we conclude that

rank(S x T') > 2mn = 2 rank(S) rank(T).
Actually, we have

rank(S x T') = 2mn,

since the set

{(ai,b?),(a,?,bj) :1<i<m,1<j<n}
is easily seen to generate S x T'.

We finish this section by establishing certain nice generating sets for semigroups

S satisfying S? = S. These generating sets, in turn, yield nice generating sets for
direct products, which we shall make use of in the following sections.

Definition 2.9. A generating set A of a semigroup S is said to be full if A C A2,
i.e. if every generator of A can be expressed as a product of two generators of A.

Proposition 2.10. A semigroup S has a full generating set A if and only if S* =
S. Furthermore, if S is finitely generated, A can be chosen to be finite.

Proof. (=) If A is a full generating set, then every element of A is decomposable.
Hence S has no indecomposable elements, and so must satisfy S% = S.

(<) Assume that S? = S, and let Ag = {a; : i € I} be any generating set for
S. Each a; (i € I) is decomposable, and so we can write

(1) a; = ag(i,l)ag‘(iﬂ) e ac(’i,mi)’

where m; > 2 and ((i,j) € I for all j (1 < j < my). For all i and j (i € I,
1<j<m;—1) define

(2) ai,j = a<(i)j+1) oo .ac(iﬂm).
The set
AZA()U{OZZ'J : iEI, lgjgmz—l}
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is clearly a generating set for S. Also, from (1) and (2) it follows that
i = A¢(i,1)Xi,1,
Qi = ac(ijr1) Qi1 (1 <j<mg —2),
Qiymi—1 = A¢(iymq) = A¢(¢(i,ma),1) ¥¢(4,mq),1-
Hence A is full. Finally, we observe that if Ag is finite, then so is A. O

Corollary 2.11. Let S and T be two semigroups with S?> = S and T? = T, and
let A and B be full generating sets for S and T respectively. Then the set A X B is
a full generating set for S x T. Moreover, if S x T is finitely generated, then the
sets A and B can be chosen to be finite.

Proof. Since every generator from A is a product of two generators, we can choose
the elements s; (i € I) in Proposition 2.5 so as to belong to A. Similarly, the ele-
ments t; (j € J) can be chosen from B, and so the generating set from Proposition
2.51is A x B. Next, from

Ax BC A%*x B? = (A x B)?

it follows that A x B is full. Finally, if S x T is finitely generated, it follows that
both S and T are finitely generated by Lemma 2.2, and hence A and B can be
chosen to be finite by Proposition 2.10. O

We finish this section by recording a property of semigroups with full generating
sets that we will need in the following sections.

Lemma 2.12. Let S be a semigroup and let A be a full generating set for S. If
an element s € S can be expressed as a product of m generators from A, then for
every n > m it can also be expressed as a product of n generators from A.

Proof. The assertion is an immediate consequence of the fact that any generator
from A can be replaced by a product of two generators from A. O

3. PRESENTATIONS, STABILITY AND THE MAIN RESULT

Let A be an alphabet. By AT we denote the set of all (non-empty) words over
A. The length of a word w € AT is denoted by |w|. The set AT is a semigroup
with concatenation of words as multiplication. This semigroup is free on A. A
presentation is a pair B = (A | R), where R C AT x A* is a set of pairs of words.
A pair (u,v) € R is usually written as u = v and is called a defining relation. A
semigroup S is said to be defined by the presentation B if S = AT /RF, where R is
the smallest congruence on AT containing R. Intuitively, S is the largest semigroup
generated by A in which the generators satisfy the relations from R. Usually we
identify S with A*/RF. Thus the elements of S are congruence classes w/R* of
words w € A*. To put it differently, every word w € AT represents an element of
S. Often we identify a word with the element it represents. To lessen the likelihood
of confusion in doing this, we introduce the following convention. For two words
wy,we € AT we write w; = wy if they are equal in A* (i.e. if they are identical
as words), and we write wy = wy if they represent the same element of S (i.e. if
(wl,wg) € Rﬁ)

Let us denote the empty word by €, and let A* = AT U {e}. For two words
wy,wy € AT we say that woy is obtained from wy by one application of one relation
from R if we can write w; = auf and we = avf, where (u =v) € Ror (v=u) € R
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and a, 8 € A*. An elementary sequence (from w; to ws) with respect to P is a
sequence

wp = a1,02,... ,0 = W,

of words from AT, such that for each ¢ (1 < ¢ < k — 1) either a; = ;41 or
;41 is obtained from «a; by one application of one relation from R. If, for two
words wi,ws € AT, such a sequence exists, we say that the relation w; = ws is a
consequence of P (alternatively, of R). In what follows we shall use frequently the
following basic

Proposition 3.1. Let P = (A|R) be a presentation, let S be the semigroup defined
by it, and let wy,wy € AT be arbitrary words. Then the relation wy = wo holds in
S if and only if it is a consequence of L.

A semigroup S is said to be finitely presented if it can be defined by a finite
presentation, i.e. by a presentation (A | R) in which both A and R are finite. It is
a well known fact that if a semigroup can be defined by a finite presentation with
respect to one finite generating set then it can be defined by a finite presentation
with respect to any other finite generating set.

The aim of this section is to state a necessary and sufficient condition for the
direct product of two infinite semigroups to be finitely presented, which we will
then prove in the following two sections. In order to do this we first need to define
some technical properties of presentations.

Definition 3.2. Let P8 = (A| R) be a presentation, let S be the semigroup defined
by it, and let wy,wz € AT be arbitrary words. The pair (w1, ws) is called a critical
pair (for S with respect to 9B) if the following conditions are satisfied:
(i) the relation wy; = we holds in S;
(ii) for every elementary sequence wy = a1, as,. .. ,q; = ws from w;y to wy with
respect to P there exists ¢ (1 < i < k) such that |a;| < min(|w |, |we|).

Definition 3.3. Let S be a semigroup with a finite generating set A. We say that
S is stable (with respect to A) if there exists a finite presentation P = (A | R),
defining S in terms of A, with respect to which S has no critical pairs.

Stability is invariant under the change of the (finite) generating set, as the fol-
lowing proposition shows.

Proposition 3.4. Let S be a semigroup, and let A ={a; : i € I} and B = {b; :
j € J} be two finite generating sets for S. If S is stable with respect to A, then it
is stable with respect to B as well.

Proof. Let B = (A | R) be a finite presentation, defining S in terms of A, with
respect to which S has no critical pairs. Since B is a generating set for S, each
a; (i € I) can be expressed as a product of generators from B. Thus there exist
words o; € BT (i € I) such that a; = o; in S. Let ¢ : AT — B™ be the unique
homomorphism extending the mapping a; — «; (i € I). Similarly, choose words
B; € AT (j € J) such that b; = 8; in S, and let ¢ : Bt — AT be the unique
homomorphism extending the mapping b; — f3; (j € J).

Now it is easy to show by using semigroup Tietze transformations (or directly)
that the presentation

Q= (B|o(R), bj = o(4(b;)) (4 € J))
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defines S in terms of B. (For the definitions of Tietze transformations see [14], and
for their semigroup variants see [16], [19], [20] or [23]. In the above presentation
¢(R) denotes the set {¢p(u) = ¢(v) : (u =wv) € R}.) We shall show that S has no
critical pairs with respect to Q.

Let w1, ws € BT be any two words such that w; = ws in S. Then the relation
(w1) = 1(w2) also holds in S. Since S has no critical pairs with respect to 9, it
follows that there exists an elementary sequence

w(wl) =772 5 Ym = w(MZ)

with respect to P8, such that |yx| > min(|ip(wq)|, | (we)|) for all k (1 < k < m).
But then the sequence

3) P((w1)) = ¢(1), 6(12), -+, dym) = D(P(w2))

is elementary with respect to £, and we also have

()| > |yie| = min([yp(wr)], [¢(w2)]) > min(|w: |, |wz]).

Also, by successively replacing every b; (j € J) in wi and wa by ¢(¢(b;)), one
constructs ‘increasing’ elementary sequences

(4) W1 =V %, -5 = G(W(w1)),
(5) w2 = 71/775/7 s 7’7;? = ¢(w(w2))7
such that |v,| > |wi| (1 < k < n) and |y} > |we| (1 < k < p). By combining
sequences (3), (4) and (5) we obtain an elementary sequence from wy to wy with

respect to Q in which no term is shorter than min(|w|, |wz|). This completes the
proof of the proposition. O

Now we can state the main result of this paper.

Theorem 3.5. Let S and T be two infinite semigroups. The direct product S x T
is finitely presented if and only if the following conditions are satisfied:

(i) S2=S and T?> =T}

(i1) S and T are (finitely presented and) stable.

Proof. If S x T is finitely presented, then it is also finitely generated. Hence S
and 7T must be finitely generated and satisfy S? = S and T2 = T by Theorem 2.1.
That S and T must also be stable follows from Proposition 4.1 below. The converse
statement follows from Proposition 5.7 in Section 5. O

4. STABILITY IS NECESSARY

In this section we give the result needed for the proof of the direct implication
of Theorem 3.5.

Proposition 4.1. Let S and T be two semigroups satisfying S*> = S and T? =T.
Let A={a; : i € I} and B = {b; : j € J} be full generating sets for S and T
respectively, and let B = (A x B | R) be a presentation for S x T in terms of the
generating set Ax B. Denote by ma : (Ax B)t — AT the unique homomorphism
extending the mapping (a;,b;) — a; (i € I, j € J). Then S is defined by the
presentation

Q= (A|ma(R)).

Furthermore, if T is infinite, S has no critical pairs with respect to Q. So, in this
case, if S x T is finitely presented then S is stable.
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Proof. Note that S and T have full generating sets by Proposition 2.10, and that
the set A x B generates S x T by Corollary 2.11. Also, the final statement of the
proposition follows easily from the first two. Indeed, assume that S x T is finitely
presented. Then S and T are finitely generated by Lemma 2.2, and so A and B can
be chosen to be finite by Proposition 2.10. Now S x T' can be defined by a finite
presentation (A x B | R) in terms of the generating set A x B. By the first two
statements of the proposition, S is defined by the finite presentation (A | 74 (R))
and has no critical pairs with respect to it. Hence S is stable.

Now we prove that Q is a presentation for S. We do this by showing that all the
relations of 9 hold in S, and that every relation holding in S is a consequence of
. First, however, we introduce some more notation.

By ¢ we denote the unique homomorphism (A x B)T — S x T extending the
inclusion mapping Ax B — S x T, and by ¢g we denote the unique homomorphism
At — S extending the inclusion mapping A «— S. Also we let g denote the
natural projection S x T — S. It is easy to see that the diagram

(A x B)*t _TA LAt

¢l ¢sl
SxT —IEs

commutes.

To show that an arbitrary relation ma(u) = wa(v) of Q holds in S we have to
show that applying ¢s to both sides of that relation yields the same element of S.
Since the relation u = v holds in S x T we have ¢(u) = ¢(v) in S x T, and hence

psma(u) = msp(u) = msp(v) = psTA(V),

as required.
Now let wy,ws € AT be any two words such that the relation w; = wo holds in
S. We want to show that the relation w; = ws is a consequence of Q. If

w1, = ailai2 e aim,

W2 = Ak, Qky - - - A,
we claim that there exist b;,,... ,b;,.,by,... b, € B such that the relation
(6) (@i, 05, )(@iy s b5 ) -+ (@i, 0j,,) = (any s biy)(any, bis) - (ai,, b))

holds in S x T. Without loss of generality we may assume that m < n. Let us
choose bj, , ... ,b;,, arbitrarily. By Corollary 2.11 A x B is a full generating set for
S x T. Hence, by Lemma 2.12, the word (a;,, bj, )(ai,,bj,) ... (as,,,bj,.) is equal in
S x T to a word of length n:

(7) (aiy, bjy ) @iy, bjy) - - - (ai,,, bj,) = (ag;, by ) (ary, biy) - - - (arz , bi,,)-
Since in S we have

akllaké ...ak/n = Qi Qjy + - - QAf,, =W = W2 = Qfy Ay, - - - A,

it follows that in S x T" we have
(8) (ary, biy)(ary, biy) - (ks bu, ) = (aky, biy )@k, biy) - - (ag,, 1,,)-
By combining (7) and (8) we conclude that relation (6) holds in S x T', as claimed.
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Denote by ws and w, the left hand side and the right hand side respectively of
relation (6). Since w3 = w4 holds in S x T', and since P is a presentation for S x T,
there exists an elementary sequence

(9) W3 =01, Q,. .. ,0, =Wy

with respect to 8. We claim that

(10) wi = ma(ws) =malan), malaz),. .., malop) = mTa(ws) = wo

is an elementary sequence with respect to Q. Indeed, if a; = a;41 then w4 () =
ma(ait1), while if o; = puy and o;41 = Py, with (u = v) € R and §,v €
(A x B)*, then ma(a;) = ma(B)ma(u)raly), ma(eipr) = ma(B)ma(v)ma(y) and
(mra(u) =ma(v)) € ma(R). We conclude that the relation w; = ws is a consequence
of 9 as required, and this completes the proof of the fact that Q is a presentation
for S.

Now we prove that S has no critical pairs with respect to 9, under the as-
sumption that T is infinite. We will do this by showing that in this case the
elementary sequence (10) can be chosen so as to contain no term shorter than
min(|ws |, |wz|). Recall that, in the above proof that 9 is a presentation for S, the
elements b;,,...,b;,, have been chosen arbitrarily. This time we choose them so
that the word

Wy = bj1 . bjm
is not equal in T" to a shorter word: this can be done for any m since T is infinite.
Let

We = bl1 ...bln,
and let 7 : (A x B)T — BT be the unique homomorphism extending the
mapping (a;,b;) — b; (i € I, j € J). By applying 7p to the elementary sequence
(9) we obtain the following relations:

Wy = 7TB(041) = 7TB(042) =...= WB(ap) = We,
holding in T'. By the choice of w5 we have
[mp ()| = [ws| =m (1 <1<p).

On the other hand we have

B ()| = |au| = |rala)] (1 <1< p),
so that we conclude that
[ma(cu)| = m = min(jwi], [wa]) (1 <1< p).

Therefore (wy,ws) is not a critical pair, and this completes the proof of the propo-
sition. O

5. UNIFORMITY AND STABILITY

In order to prove the converse part of Theorem 3.5 we find a presentation for
S x T, given presentations for S and 7" and assuming that both S and T are stable
and satisfy S? = S and T? =T.

We start working towards this goal by showing that every semigroup S with
52 = S can be defined by a presentation of a specific form.
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Definition 5.1. Let A = {a; : i € I} be an alphabet. A presentation P over A is
uniform if it has the form

‘43 = <A | Qi = Q¢ (3)An(4) s R (z S I)>,
where (,n : I — I are mappings, and R is a set of relations such that for every
relation (u = v) € R we have |u| = |v].

Obviously, if a semigroup S is defined by a uniform presentation in terms of
a generating set A, then A is a full generating set for S. By Lemma 2.12 every
word in AT of length m is equal in S to a word of length n for every n > m. The
following definition makes this more formal.

Definition 5.2. Let A = {a; : i € I} be an alphabet, and let (,n : I — T be
two mappings. Denote by Ng = {0,1,2,...} the set of non-negative integers. The
extension mapping (associated to ¢ and 7) is the mapping A : AT x Ny — AT
defined by

Mw'as;n) = w'ag)acns) aen () - - - Gopn=1() n ),
AMw,0) = w,
for w = w'a; € AT and n > 0.
Typically, the mappings ¢ and n come from a uniform presentation. In the

following lemma we give the basic properties of extension mappings arising in this
way.

Lemma 5.3. Let
q3 = <A | Qi = Q¢ (i) (i), R (z S I)>
be a uniform presentation, let S be the semigroup defined by it, and let A be the

associated extension mapping. For any w € AT and any n € Ny the following
statements hold:

(i) the relation A(w,n) = w holds in S;
(ii) [Mw,n)| = |w| + n.
Proof. The assertions follow from the fact that A(w,n) is obtained from w by n
applications of relations of the form a; = a¢(;)ay@)- O
Definition 5.4. Let
B =(A|a; = acmpayu), R (i €1))
be a uniform presentation, and let A\ be the associated extension mapping. The
uniformity mapping is the mapping
v AT x AT — {(wi,we) € AT x AT ¢ |wy| = |wa|}
defined by
(u,v) if [u] = [v],
V(U7U) = (/\(U, |U| - |u|),v) lf |’LL| < |U|a
(u, M, [u] = [ol)) if [u] > |v].
If the pair (u,v) is actually a relation, then we shall interpret v(u,v) as a relation

as well.

The following proposition shows how uniformity relates to some other concepts
introduced earlier in this paper.



GENERATORS AND RELATIONS OF DIRECT PRODUCTS OF SEMIGROUPS 2675

Proposition 5.5. A semigroup S can be defined by a uniform presentation if and
only if S? = S. Furthermore, if S is finitely presented then it can be defined by
a finite uniform presentation, and if S is stable then it has no critical pairs with
respect to a finite uniform presentation.

Proof. (=) If S can be defined by a uniform presentation in terms of a generating
set A, then, because of the relations a; = a¢(;)ay,), A is full, and hence 52 =S by
Proposition 2.10.

(<) Assume that S? = S. Then S has a full generating set A= {a; : i € [} by
Proposition 2.10. Thus A C A2, and we can write

(11) Qi = Q¢ (4)An(4) (Z S I).

Let A and v be respectively the extension mapping and the uniformity mapping
associated to ¢ and 7.

Let P = (A | R) be any presentation for S in terms of A. Note that any word
w € AT can be transformed into the word A(w, n) (n € Ny) by using relations (11).
Thus the presentation

P = (A a; = aciyanuy, R),
with
R={v(u=v): (u=0) € R},

is equivalent to 3, and so it defines S. This presentation is also obviously uniform,
and is finite if *P is finite.

To complete the proof of the proposition we assume that S has no critical pairs
with respect to 9B, and then prove that it has no critical pairs with respect to 3.
Let wy,wy € AT be any two words such that the relation w; = wy holds in S. By

the assumption there exists an elementary sequence
W1 =0Q1,02,...,0; = W2

with respect to B, such that |ay| > min(|w;|, |ws|) for all & (1 < k < m).

Let k£ (1 < k < m) be arbitrary. We claim that there exists an elementary
sequence from oy to ayyq with respect to 8 in which no term is shorter than
min(|agl, |ag+1]). By assembling all these elementary sequences together we obtain
an elementary sequence from w; to wy with respect to ﬁ in which no term is shorter
than min(|Jws |, Jwz|). Thus we conclude that S has no critical pairs with respect to
B, as required.

Now we prove the claim. If ay = ap1 there is nothing to prove. Otherwise we
can write

ag = fuy, agy1 = Py,
where (v =) € Rand 8,7 € A*. If [u| = |[v| then v(u = v) is u = v, and it belongs
to R. Let us now consider the case |u| < |v|, and let n = |v| — |u|. If u = v/a;, then
the sequence
o = Puy = Bu'aiy, Bu' aciiyan iy, Buacyacn) a2 ()75 - - -
B ac iy aen() - - - Aenr—1(i)ann (1Y = B, )y, fvy = g

is elementary with respect to 8. Moreover, the terms of the sequence have in-
creasing lengths, and so no term is shorter than «ay. The case |u| > |v| is dealt
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with similarly, and this completes the proof of the claim, as well as that of the
proposition. O

We need one more technical device before we can state our result.
Definition 5.6. Let A = {a; : i € I} and B = {b; : j € J} be two alphabets.
The decomposition mapping is the mapping
€ {(wy,wy) € AT x Bt |wy| = Jws|} — (A x B)T
defined by
§(ai1ai2 . .ain,bjlbj2 PN b]n) = (ail,bjl)(ai2,bj2) PN (ain,bjn).
Proposition 5.7. Let S and T be two stable semigroups satisfying S? = S and
T?>=T. Let A={a; : i € I} and B = {b; : j € J} be finite full generating sets
for S and T respectively, and let
‘43 = <A | Qi = Q¢ (3)An(4) s R (z S I)>,
Q= (B|bj =bajb.ijy» Q@ (4 €J)),
be finite uniform presentations for S and T respectively, with respect to which S and

T have no critical pairs. If & denotes the decomposition mapping, then the direct
product S x T is defined by the presentation

(12) R=(AxB | &u,a)=Ewv,a)

(13) §(B,u2) = &(B,v2),

(14) §(ai, a¢(ia) n(in), 7) = €(ac¢(ir) An(in) @izy V),
(15) £(8,bj,b6(j)bu(sa)) = (8, ba(i)bu(in)bi)s
(16) (ai, by) = (ac(@)s boe)) (aney, bugs))

(w1 =v1) € Ry a € BT [ur| = |af; (uz =v2) € Q;
B € AT Jus| = |Bl5ir,i2 € I; v € BY; |y] = 3;
Juja€J; 6 € AT 6| =3 iel; je ).

In particular, S x T is finitely presented.

In order to prove Proposition 5.7 we need some more technical results. The
notation will remain the same as in the proposition.

Lemma 5.8. Let o,y € AT and 8,6 € BT be arbitrary words such that |a| = |3]
and |y| = |6]. Then

(ay, B6) = &(a, B)E(y, 6).
Proof. The assertion follows immediately from Definition 5.6. O

Lemma 5.9. (i) Let aja;azaras € AT be an arbitrary word of length m—1 > 2,
and let 8 € BT be an arbitrary word of length m. Then the relation
E(aracyaniyazaras, B8) = {(a1a;azac k) anky s, )
s a consequence of R.
(ii) Let B1bjBobifs € B be an arbitrary word of length m—1 > 2, and let o« € AT
be an arbitrary word of length m. Then the relation

(e, Biby(j)bu)B2biB3) = E(av, Brb; B2be(1yb. (1) 33)

is a consequence of R.
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Proof. (1) We prove the assertion by induction on |az|. Consider first the case where

|aa| = 0. Decompose 8 as 5 = (313233, where |31]| = |a1], |2] = 3 and |G3] = |as].
Then we have

E(a, Br)&(ag () )ak,ﬁg)f(a3,ﬁ3) (Lemma 5.8)
= &(a, B1)é(aiackyanry, B2)€(as, B3) (relation (14))

E(araazac )an(k)ag 6) (Lemma 5.8),

§(aracaniaras, B)

and the assertion is proved in this case.

Assume inductively that the assertion is true for all words shorter than n for
some n > 1. Let ag € AT be an arbitrary word of length n. If we write ag = a,ab,
we have

§laracpyanpyonaras, ) = E(araci)ay)amabagas, 3)
= §(oz1aza<(m Ay(m)Qaras, 3)  (case [az| = 0)
= §(a1azama2a<(k)an(k)oc3,ﬁ) (induction)

= {(araiazacyanwas, 3),

and this completes the proof of this part of the lemma.
(ii) The proof is dual to (i), and uses relations (15). |

Proof of Proposition 5.7. It is obvious that all the relations of & hold in S x T.
Thus to complete the proof of the proposition one has to show that any relation
w; = wy holding in S x T is a consequence of ‘R.

So let w1, ws € (A x B)T be any two words such that the relation w; = wsy holds
in S x T. We claim that without loss of generality we may assume that |wq| = |wa].
Indeed, relations (16) imply that A x B is a full generating set for the semigroup
defined by R. If |wi| < |ws|, then Lemma 2.12 implies that there exists a word w]
such that |w)| = |wsz| and the relation w; = w] is a consequence of R. Now we
have that the relation w] = ws holds in S x T (since all the relations of 9 hold
in S x T), and that w1 = ws is a consequence of R if and only if w| = ws is a
consequence of R. The case |w1| > |ws| is considered analogously, and the claim is
proved.

Now let

(aiubjl)(aiwbjz) s (aipvbjp)v
(ak, bl1)(ak27blz) s (a/kp7blp)'

Since the relation w; = wy holds in S x T, the relation

w1

w2

Ay Ay - .aip = 0k, Ay - - - akp

must hold in S. Recall that, by assumption, S has no critical pairs with respect to
B. Thus there exists an elementary sequence

A, gy ...aip =Q1,02,...,0¢ = aklakz...akp

with respect to P in which |a,,| > p for all m (1 <m < g).
If we denote the word b;,b;, ...b;, by 3, we have the following

Lemma 5.10. For every m (1 <m < q) the relation

E(am, A(B, lam| = p)) = E(amt1, A(B, [amt1] — p))

is a consequence of R.
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Proof. We distinguish three cases, depending on how a1 is obtained from ayy,.
Case 1. ap, = 1. In this case clearly

f(am, )‘(67 |am| _p)) = f(am-i-lu )‘(ﬂu |am+1| - p))?
and the assertion is true in this case.
Case 2. ay = 740, Q1 = Yac(i)ani)0, with i € I and v,6 € A*. If we let

|am| —p=r

then clearly

lamsr| —p=r+1.
Thus we have
(17) )\(ﬁ, |am| — p) = bj1 bjz - bjpflbe(jp)bm(jp) - bgbr—1(jp)er(jp),
and
(18)  A(B, lamir| = p) = bjibj, - by, 109(i,)b0u(5,) - - Dour=1(5,) Do () bur1. () -
Let us now decompose the word \(3, |am,| — p) as
(19) A(B, |am| — p) = Bibj, B2,
where, |51] = |y| and |82] = |6]. Now we have
g(ama )‘(67 |Oém| _p))

= &(va;0, Brby, B2)
= £(7, B)(as, b;,)§ (6, B2) (Lemma 5.8)
=&, B1)(ac(), bogiy ) (aniys bu) )66, B2) (relation (16))
= {(vac(iyan(i)0, Biboj)bu jl)ﬁz) (Lemma 5.8)
= &(ame1, Brbo() bugi) B2)
= &lam+1, 05055 -+ ji 1 b0 bu(i) b - - our=1(3,) bir ()
= &1, b bjy iy bibsis s - bgir—s (o) b (,y)  (Lemma 5.9 (i)

= &(mt1, A(B, lams| = p)) (by (18)),

as required.
Case 8. ayy = Yub, me1 = Y06, with (u =v) € R and 7,6 € A*. Recall that
we have |u| = |v], since P is uniform. Thus we have
|am| —P= |04m+1| - P

and hence

A(B; lam| = p) = A(B, [am+1] — p);
denote this last word by ’. Decompose 3’ as
B = B16305,

whete 3}, B, B4 € B, || = |, 165] = [u] and || = |6]. Now we have

E(am, A(B, [am| —p)) E(yuo, B155053)
(v, B1)E(u, B3)&(6, Bs) (Lemma 5.8)
(7, B1)E (v, B3)&(6, B5) (relation (12))
(
(

08, 3, 8535) (Lemma 5.8)
am+1, A8, |[am+1| —p)),

as required. O



GENERATORS AND RELATIONS OF DIRECT PRODUCTS OF SEMIGROUPS 2679

We now continue the proof of Proposition 5.7. As an immediate consequence of
Lemma 5.10 we have that the relation

(a1, A(B, lar] = p)) = &(aqg, A(B; lag| = p))

is a consequence of R. Recall that a1 = a4, a4, ... a;, and oy = ag,ak, ... ag,, so
that in particular |a;| = |ag| = p. Thus we conclude that the relation

(20) f(ailaiz .. .aip,bjlbjz ...bjp) = f(aklakz .. .akp,bjlbjz ...bjp)

is a consequence of R. A completely analogous argument, based on relations (13),
(16) and Lemma 5.9 (i), shows that the relation

(21) f(aklakz e akp, bj1bj2 e bjp) = f(aklakz . ~akpabl1bl2 . 'blp)
is a consequence of R. By combining (20) and (21) we conclude that the relation
w; = wy is a consequence of R, thus completing the proof. O

6. EXAMPLE: A NON-FINITELY PRESENTED DIRECT PRODUCT

In this section we construct an example of a semigroup S which is finitely pre-
sented and satisfies S? = S, but is not stable. As a consequence we obtain examples
of finitely presented semigroups S and T such that the direct product Sx T is finitely
generated but is not finitely presented.

Theorem 6.1. Let S be the semigroup defined by the presentation

s'B:<C]’7‘/L.7:g|‘/I:C]’:a/7 ya:a7 ‘/L.y:x7 y2:y>'
Then S satisfies S? = S, but S is not stable.

Before we prove the above theorem we establish some properties of S.

Lemma 6.2. Let wy,ws € {a,x,y}T be any two words such that the relation wy =
wo holds in S.

(i) The number of occurences of the letter a in wy is equal to the number of
occurences of a in wa.
(ii) If the last letter in wy is a then the last letter in wq is also a.
(iil) If wy € {z,y}" then also ws € {z,y}*. Moreover, if the first letter of wy is
x then the first letter of we is x as well.

Proof. (i), (ii) Note that the assertions are true for any relation of 3. The assertions
for general w; and wo follow from the fact that ws can be obtained from w; by
applying relations from .

(iii) The first assertion follows from (i). Thus, the subsemigroup of S generated
by {x,y} has a presentation (x, y|zy = x, y?> = y). The second assertion is obviously
true for any relation in this presentation. This in turn implies the assertion for
arbitrary wy and we as in (i) and (ii). |

Proof of Theorem 6.1. Let us denote the alphabet {a,z,y} by A. It is clear from
the relations that A C A2, i.e. that A is a full generating set for S. Thus S? = S
by Proposition 2.10.

It remains to be proved that S is not stable. To this end let

Q=(A|R)



2680 E. F. ROBERTSON, N. RUSKUC, AND J. WIEGOLD

be any finite presentation for S in terms of generators A, and let
m = max{|ul, [v| : (u=v) € R}.
We claim that the pair (z™a, y™a) is a critical pair for S with respect to Q. Clearly
we have
|2™a| = ly™al =m + 1,
and the relation 2™a = y™a (= a) holds in S. Let us have any elementary sequence
e =a1,00,...,ap =y"'a
with respect to Q. By Lemma 6.2 (i) and (ii) every a; (1 < j < p) has the form
o = aja,

where o € {z,y}*. Let j be the smallest number such that the first letter of «; is
x and the first letter of ;41 is distinct from z. So we can write

= ’U’Bv a1 = Uﬁv
where § € A* and v = v is a relation from R such that the first letter of u is z,
and the first letter of v is distinct from z. By Lemma 6.2 (iii), v must contain at
least one occurence of the letter a, and so we must have a; = u and 3 = €. But
this implies that

;] = |ul <m <m+1=min(|lz™al, [y™al),
and so (x™a,y™a) is indeed a critical pair. O
Corollary 6.3. Let S be the semigroup defined by the presentation

%:<a’x’y|xa:a7 ya =a, rYy =T, y2:y>7
and let T be any finitely generated infinite semigroup such that T?> = T. Then the

direct product S x T 1is finitely generated, but it is not finitely presented regardless
of whether or not T is finitely presented.

Proof. The result follows immediately from Theorems 2.1, 3.5 and 6.1. O

Remark 6.4. In [3, Theorem 3.1] the authors construct an example of a finitely
presented semigroup S which contains a two-sided ideal T such that T is finitely
generated (as a semigroup) but is not finitely presented. The results of this paper
enable one to construct more such examples. Indeed, let S be a finitely presented
semigroup satisfying S? = S which is not stable (e.g. the semigroup defined in
Theorem 6.1). Let S denote the semigroup S with an identity element adjoined
to it, and let T be any finitely presented monoid. The semigroup S* x T is finitely
presented as a direct product of two finitely presented monoids. However, the two-
sided ideal S x T of S* x T is not finitely presented by Theorem 3.5, although it is
finitely generated by Theorem 2.1.

7. SOME CLASSES OF STABLE SEMIGROUPS

In this section we give a sufficient condition for a semigroup to be stable. As
a consequence we obtain that the class of all finitely presented infinite semigroups
satisfying this sufficient condition has the property that the direct product of any
two semigroups from the class is finitely presented. This class contains many well
known classes of semigroups, for example finitely presented regular semigroups.
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Definition 7.1. Let S be a semigroup and let s € S. An element e € S is said to
be a relative left (respectively right) identity for s if es = s (respectively se = s).

Theorem 7.2. Let S be a finitely presented semigroup and let A be a finite gener-
ating set for S. If every element a € A has a relative left identity e, as well as a
relative right identity f,, then S is stable.

Proof. Let (A|R) be any finite presentation for S in terms of A. For a word w € AT,
let us denote the initial and terminal letters of w by «(w) and 7(w) respectively.
Consider the following two finite sets of relations:

Ry ={eca=a=af, : a€ A},
Ry ={e,pyu=u=ufr(, : (u=v) € Ror (v=u) € R}
It is clear that all the relations from Ry U R5 hold in S, and so S has a presentation
P = (A[R, Ry, R).

We now prove that S has no critical pairs with respect to 3. To this end we let
wy,ws € AT be two arbitrary words such that w; = ws holds in S. Since (A | R)
is a presentation for S, it follows that there exists an elementary sequence of the
form

w =Qo1,02,... ,0 = W2
with respect to this presentation. The number
m = min(jwy |, |wz]) — min |y
1<i<k
is certainly non-negative. If m = 0 then the above elementary sequence shows that
(w1, ws) is not a critical pair for P. So let us assume that m > 0.

Let ¢ (1 <4 < k —1) be arbitrary. We claim that there exists an elementary
sequence of the form

(22) i [Tl = Qits Qa2 e Qing = Qi1 fria, )
with respect to 9B, in which no term is shorter than min(|w; |, |wsz|). The word a;41
can be obtained from «; by one application of one relation from R. Hence we may
write

i = fuy, i1 = Py,
for some words 3,7 € A* and some relation (u =v) € Ror (v=u) € R. If y #£ ¢
then 7(a;) = 7(i+1), and hence the elementary sequence

Ui frlay @i+t fran)

has the desired property. On the other hand, if v = € then we have the following
elementary sequence:

aif:’gai) = ﬂuf:z‘u)a

Bv f;’zu), (a relation from R)

eﬁﬁv)ﬁvf;’éu), (a relation from Rj, m times)
ef(lﬁv)ﬁv, (a relation from R, m times)
el’&iv)ﬂvf;’gv), (a relation from R;, m times)
vifzv) = ai+1ffzai+1), (a relation from Ry, m times),

which also has the desired property.
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Now, if we combine elementary sequences (22) for all ¢ (1 < i < k — 1) together
with elementary sequences

w1 = Qi, alf‘r(oq)a O‘lf-f(al)v cee aalf:zal)v
O[kf:.réak), akfrza_kl)a s 7akf7'(ock)7 Qg = W2,

arising from multiple applications of relations from R;, we obtain an elementary
sequence from wi; to we with respect to B in which no term is shorter than
min(|ws|, [wa]).

We have proved that S has no critical pairs with respect to 8. Therefore, S is
stable as required. O

Corollary 7.3. Let S and T be two finitely presented infinite semigroups both sat-
isfying the conditions of Theorem 7.2. Then the direct product S x T 1is finitely
presented.

Proof. By Theorem 7.2 both S and T are stable. Moreover, from a = af, for each
generator a of S, it is easy to see that S? = S, and similarly 72 = T. Therefore
S x T is finitely presented by Theorem 3.5. O

Remark 7.4. The conditions of Theorem 7.2 are satisfied by all finitely presented
semigroups S = (A | R) belonging to various well known classes of semigroups.
First of all, if S is any finitely presented monoid, then, clearly, every element has
a relative right identity and a relative left identity, namely the identity of S. This,
of course, includes the case of groups. Next, every element in a regular semigroup
has relative left and right identities. Recall that a semigroup S is regular if for
every element s € S there exists an element s’ € S such that ss’s = s. Thus the
elements ss’ and s’s are respectively relative left and relative right identities for s.
This includes the case of S being an inverse semigroup, or a completely (0-)simple
semigroup, or a union of groups. (For definitions of various types of semigroups,
see [9].) Finally, if S is a finitely generated commutative monoid satisfying S? = S,
it satisfies the conditions of the theorem. First, by Rédei’s theorem [17] S is finitely
presented; see also [5] and [6]. Then, if we assume (without loss of generality) that
A is an irredundant generating set of S, from S? = S we obtain a = w,a = aw, for
some non-empty word wg.

Remark 7.5. The condition of having relative left and right identities is not neces-
sary for a semigroup to be stable. Indeed, if S is the semigroup defined by

(a,b|a® = a,ba = b),

then it is easily seen to be stable and satisfy S? = S, but the element b has no
relative left identity. On the other hand, the theorem is no longer valid if we just
assume that every generator of S has (say) a relative left identity; one counter-
example is provided by the semigroup given in Theorem 6.1. However, if S has a
(global) left identity, then the proof of Theorem 7.2 can be easily modified to prove
that S is again stable.

8. DIRECT PRODUCTS OF ONE FINITE AND ONE INFINITE SEMIGROUP

The two main results proved so far (Theorems 2.1 and 3.5) give necessary and
sufficient conditions for the direct product of two infinite semigroups to be finitely
generated or finitely presented. The technical results developed in order to prove
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these theorems can also be used in the case of direct products of one finite and one
infinite semigroup.

In addition, in this section we shall make use of some results about subsemigroups
of finite index. If S is a semigroup and T is a subsemigroup of S, then the (Rees)
index of T in S is the number |S\T|. This notion of index was first introduced
by Jura [12, 13]; see also [22]. Although this index is not a generalisation of the
well known index from group theory, they have many properties in common. In
particular we have the following Reidemeister—Schreier type result:

Proposition 8.1. Let S be a semigroup and let T be a subsemigroup of finite index
in S. Then

(i) S is finitely generated if and only if T is finitely generated;
(ii) S is finitely presented if and only if T is finitely presented.

The first result was proved in [12] and reproved in [1]. The second result is from
[21]; see also [2].

For a semigroup S we denote by S' the semigroup obtained by adjoining an
identity to S if S does not already have one. Clearly, S has finite index in S*. Also,
since S! is a monoid, it satisfies (S*)% = S*.

Now we have

Theorem 8.2. Let S be a finite semigroup and let T be an infinite semigroup.
Then the direct product S x T is finitely generated if and only if S> = S and T is
finitely generated.

Proof. Assume that S x T is finitely generated. Then we must have S2 = S by
Lemma 2.3. Also, T' must be finitely generated by Lemma 2.2.

Conversely, assume that S? = S and that T is finitely generated. Then T*
must also be finitely generated by Proposition 8.1. Since T is a monoid it satisfies
(TY)? = T, and hence S x T is finitely generated by Proposition 2.5. Finally
we note that S x T has finite index in S x 7', and hence is finitely generated by
Proposition 8.1. O

We also have the following criterion for finite presentability:

Theorem 8.3. Let S be a finite semigroup and let T be an infinite semigroup.
Then the direct product S x T is finitely presented if and only if the following three
conditions are satisfied:

(i) S?=5;

(ii) S is stable;

(iii) T is finitely presented.

Proof. We first claim that, to prove the theorem, it is enough to consider the case
where T is a monoid. Indeed, the semigroup SxT'* contains Sx T as a subsemigroup
of finite index, and hence S x T is finitely presented if and only if S x T is finitely
presented by Proposition 8.1 (ii).

So let us assume that 7" is a monoid. In particular we have 72 = T. Now the
direct part follows from Theorem 8.2 and Proposition 4.1, while the converse part
follows from Proposition 5.7. O

Example 8.4. Let S be the semigroup defined by the presentation

3 2 2 2
<a,,a:,y|a:a,=a, ya=a, ry=x, a =a,r =T,y :y>
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Obviously, this semigroup is a homomorphic image of the semigroup defined in
Theorem 6.1. Actually, the proof of Theorem 6.1 also proves that S is not stable,
as the additional relations do not affect the argument. However, S is finite. Indeed,
it has 11 elements, as can be verified computationally by using the Todd—Coxeter
enumeration procedure (see [24], [15], [11], [18], [25]) or directly. Thus, if T is any
finitely generated infinite semigroup, then S x T is finitely generated by Theorem
8.2, but is not finitely presented by Theorem 8.3.
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